In this paper we consider an application of Rothe's method to abstract semi-linear hyperbolic integrodifferential equations in ttilbert spaces. With the aid of Pothe's method we establish the existence of a unique strong solution.
I. INTRODUCTION
In this paper we are concerned with the application of Rothe's method to the following semi-linear hyperbolic integrodifferential equation (I i) d:Zu(t) + Au(t): f a(t--s)k(s,u(s))ds+f(t), a.e. te I dt 2 o where u is an unknown function from I:=[0,7, 0<T<oo, into a real Hilbert space %, A is a bounded linear operator from another Hilbert space */" into its dual space '*, k is a nonlinear mapping from [0, 7] x into %, a and f, respectively, are real-valued and %-valued functions on 1Received" April 1989 , Revised" September 1989 Rothe's method.
ASSUMPTIONS AND MAIN RESULT
Let and % be two real ttilbert spaces such that *" is dense in % and the embedding of "4" in % is compact. We denote by I1" II and I'1 the respective norms of and %. Furthermore, the inner product in : and the usual duality pairing between "1"* and " are denoted by (n,v), u, vE %; and <f,v> E *, v *'; respectively. Let I denote the interval [0, where 0< T<oo is arbitrary. We introduce the following hypotheses:
(ttx) The bounded linear operator A: " -+ V* is symmetric and */'-elliptic, i.e. <Au, v> = <Av, u> and <As, u> >_cllu]l 2 for all u, v *" and a >0 is a constant.
(H2) k Ix*/" ---, :1{; is continuous in both variables and satisfies C ll,,ll+C , for all t I and all u ', where Cx and C are positive constants.
(H3) The mapping k satisfies _< II for tE I a.e. and all n, vE , where/;E/;x(I) is nonnegative.
(lI4) Functions fi I --0 and a: I --. R are Lipschitz continuous.
To apply Rothe's method to equation (1.1), we proceed as follows. For every positive integer n denote by {/} the partition of the interval I defined by t--j.h, h=, j=l,...,n.
Setting
(2.1) u--Uo, " ,v) dt: for tEI a.e. and for all vE "1", where (2.8)
tt4) hold and let A
In addition, if (Ha) is also satisfied, then u is unique.
For the notational convenience, we drop the superscript n and denote for O<_i,j<_ n by aji=a(tj---ti) =(t ,) (2.9) k Henceforth, C will represent a generic constant independent of j, h and n. Below we state and prove 11 lemm required in the proof of Theorem 2.1 which is proved at the end. Lemma 2.1. Assume that hypotheses (H1), (Hz) and (H4) positive integer N such that Izjl z / Ilujil z <_ C, j= 1,2,...,n, n> N.
hold. Then there exists a Proof. Using the notations of (2.4) and (2.9) in (2.3), for all v " and j= 1,2,...,n, we have a, v + (I, v). Putting v=z in (2.10), using Putting v = sj in (2.15) using (It2) and (It2) and (It4) we obtain 2 Isl --Is_xl + IIzll IIz_xlla j-1 <chlsl /Ch E IIz, ll/Ch. $---o We assume that N is large enough such that 6' < 1.
(2.16) then implies that Repeating the above arguments for [ip, (i + 1) p], i= 1, 2, ..., we have that n(t) 0 on I.
Therefore u 1 -u 2. The proof of Theorem 2.1 is thus complete.
